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We study the effect of long-ranged interactions on Weyl semimetals. Such interactions can give
rise to unpaired Weyl nodes, which we demonstrate by explicitly constructing a system with just
a single node – a situation that is fundamentally forbidden by fermion doubling in non-interacting
band structures. Adding a magnetic field, we investigate the fate of the chiral anomaly. Remarkably,
as long as a system exhibits a single Weyl node in the absence of magnetic fields, arbitrarily weak
fields qualitatively restore the lowest Landau level structure of a non-interacting Weyl semimetal.
This underlines the universality of the chiral anomaly in the context of Weyl semimetals. We
furthermore demonstrate how the topologically protected Fermi-arc surface states are modified by
long-ranged interactions.
Introduction. Among the most intriguing phenom-
ena associated with topological phases are their charac-
teristic transport properties. A paradigmatic example
is provided by the conducting surface states of topologi-
cal insulators, in which the degrees of freedom expected
for an ordinary metal with the same symmetries decom-
pose into two halves that are spatially separated over
opposite surfaces of the system [1, 2]. For the more
recently discovered Weyl semimetals (WSMs) [3–12], a
spin-degenerate bulk semimetal splits in reciprocal space
into a pair of topologically stable Weyl nodes, giving rise
to bulk transport anomalies such as the chiral anomaly or
the mixed axial-gravitational anomaly [4, 13–18]. These
anomalies are examples of quantum anomalies, the break-
ing of a classical conservation law due to quantum fluc-
tuations [19]. Specifically, the chiral anomaly is the
non-conservation of the number of electrons close to an
individual Weyl node despite the presence of a U(1)-
symmetry in its low-energy Weyl Hamiltonian. A cru-
cial difference between WSMs and the aforementioned
surface states of topological insulators is the fact that
the topological stability of Weyl nodes is rooted in their
separation in momentum space rather than real space
[12]. Hence, (lattice) momentum conservation is more
important to the stability of WSMs than for topological
insulators, the robustness of which against both disorder
and interaction-induced scattering is well-known [1].
The purpose of this work is to investigate how WSMs
are influenced by long-ranged interactions that, due to
their short-ranged nature in momentum space, do not
couple different Weyl nodes in reciprocal space. In this
scenario, we show that effectively momentum dependent
interactions can lead to the occurrence of single (un-
paired) Weyl nodes, a situation that is fundamentally for-
bidden by the Nielsen-Ninomiya fermion doubling theo-
rem in non-interacting systems [15, 21–23], and that can-
not be achieved when interactions have only a perturba-
tive effect [24]. The topological stability of WSMs can be
reconciled with the existence of unpaired Weyl nodes due
to the occurrence of characteristic Green’s function zeros
that replace the nodal points in the spectrum (related
physics have been discussed in the context of interacting
topological insulators [25–27]). Focusing on an exactly
solvable model with interactions that are local in momen-
tum space [28], we study the fate of the chiral anomaly
[see Fig. 1] and of the topologically protected Fermi-arc
surface states [see Fig. 2] in strongly correlated systems
with unpaired Weyl nodes. Quite remarkably, the char-
acteristic lowest Landau level structure entailing the chi-
ral anomaly with global electron number conservation is
found to persist even in the presence of such quite ex-
treme long-ranged interactions. Furthermore, we argue
how interactions that single out an individual Weyl node
can be realized microscopically in multi-orbital models.
Single Weyl nodes and topology at zero field. The defin-
ing feature of WSMs are linear band touching points de-
scribed by the Weyl Hamiltonian [3, 29, 30], whose first-
quantized form is
Hˆ±Weyl = ±vF σˆ · qˆ, (1)
where σˆ is the vector of standard Pauli matrices denoting
a (pseudo-) spin-1/2 operator, vF stands for the Fermi
velocity, and qˆ measures the three-dimensional momen-
tum relative to the nodal point. The Nielsen-Ninomiya
fermion doubling theorem [15, 21–23] states that in a
solid, these band touching points (Weyl nodes) always
occur in pairs of opposite chirality as indicated by the in-
dex ± in Eq. (1). This theorem, however, relies on a set
of conditions which most importantly include the short-
ranged nature of the underlying Hamiltonian. Here, we
are instead considering the effect of long-ranged interac-
tions on WSMs. We start by studying the exactly solv-
able Hamiltonian
H =
∑
k
(
Ψ†k [h(k) · σˆ] Ψk +
U(k)
2
(
Ψ†kΨk − 1
)2)
,
(2)
where h(k) = (sin(kx), sin(ky), hz(k)) with
hz(k) = cos(kz)− cos(kWeyl) + λ(2− cos(kx)− cos(ky))
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Figure 1: Total density of states of a Weyl semimetal
with a momentum-local interaction. We plot ρtot(ω, kz) =∑
kx,ky
(−1/pi) ∑m ImGRm(ω,k), where GRm(ω,k) is the re-
tarded Green’s function of the mth eigenstate, see Eqs. (3)
and (6) [33]. Panel (a)-(c): total density of states rescaled by
its maximum value ρmax as a function of frequency ω and lat-
tice momentum kz in the absence of a magnetic field. Panel
(d)-(f): total density of states in the presence of a magnetic
field Bz in z-direction. Top row: Panel (a) schematically illus-
trates a single Weyl node in the presence of a momentum-local
interaction. Such interactions, however, cannot open a partial
gap in the dispersion of zeroth Landau levels as sketched in
(d). Central row: Numerical data for the model Hamiltonian
(2) in the absence of interactions (U(k) = 0). Bottom row:
Numerical data for the model Hamiltonian (2) with interac-
tions (in particular U(kWeyl) 6= 0), quantitatively corroborat-
ing the schematic scenarios in the top row. When the zeroth
Landau level crosses zero in the interacting regime, the other
energy levels show a discontinuous jump since the number
of occupied states, and hence the interaction energy, changes
abruptly. The magnetic unit cell in x-direction contains 100
sites in panels panels (e) and (f). The interaction parameters
in panels (c) and (f) are U0 = 2, δ = 2.5. The magnetic field
in panels (e) and (f) is Bz = 2pi/100. In all plots λ = 1.5,
kWeyl = 1.5 [20].
describes a minimal lattice model of a Weyl semimetal,
and Ψ†k = (c
†
↑k, c
†
↓k) denotes the spinor of creation oper-
ators of electrons of (pseudo-) spin σ =↑, ↓. As a crucial
difference to earlier studies of long-ranged interactions
[28, 31], the interaction strength U(k) is momentum-local
but allowed to vary with momentum. The momentum-
locality of the interaction makes it infinitely ranged in
real space, and amounts to the constraint of not chang-
ing the center of mass of the interacting particles over
a scattering process [32]. For U(k) = 0 and λ > 1,
this Hamiltonian features two Weyl nodes [see Eq. (1)]
at momentum ±kTWeyl = (0, 0,±kWeyl). These nodes for
example show up in spectroscopic measurements of the
bulk density of states [see Fig. 1 for an illustration].
We now switch on the interaction U(k) only in the
vicinity of one of the nodes. To this end, we introduce
a smooth function describing a bump of width δ around
k0, defined as b(k, k0, δ) = exp{−δ2/(δ2− (k− k0)2)} for
k ∈ [k0−δ, k0 +δ], and zero elsewhere [34, 35]. The inter-
action is then chosen as U(k) = U0 b(kz, kWeyl, δ) with an
appropriate momentum width δ. Since the Hamiltonian
(2) is local in momentum space, we can readily find the
many-body eigenstates and -energies by exact diagonal-
ization of the Hamiltonian for every fixed momentum k.
In the absence of a magnetic field, the Hilbert space asso-
ciated with a given momentum is only four-dimensional,
and the Hamiltonian is similar to the one of a spinful
quantum dot, for which it is known that an interaction
leads to Coulomb blockade, the quantum dot analogue of
a Mott gap [36].
To demonstrate how such a momentum-local interac-
tion can give rise to single Weyl nodes, we calculate the
Green’s function G in Lehman representation after diag-
onalizing the Hamiltonian for fixed k. Away from the
Weyl nodes, it reads as
GR(ω,k) = (ω − heff(k) · σ + iη)−1 (3)
with heff(k) = h(k)
(
1 + U(k)2|h(k)|
)
, while it is given by
GR(ω,±kWeyl) =
1
(
1/2
ω +
U(±kWeyl)
2 + iη
+
1/2
ω − U(±kWeyl)2 + iη
)
(4)
at the Weyl nodes (with η → 0+). The system’s ex-
citation energies (the poles of its Green’s function) are
simply shifted by an energy ∆E = ±U(k)/2 due to
interactions. This is reflected in the density of states,
ρ(ω,k) = (−1/pi) ∑m ImGRm(ω,k), by a clear Mott-gap
visible around the node at k = +kWeyl as shown in Fig. 1
[28] (where GRm(ω,k) is the retarded Green’s function of
the mth eigenstate, see Eqs. (3), and (6) below). We have
thus constructed a minimal exactly solvable model for
an interacting system exhibiting a single unpaired Weyl
3node. Below, we will discuss how the crucial momentum-
dependence of the interactions that is necessary for sin-
gling out an individual Weyl node can be realized in a
microscopic model with four bands, i.e. with an addi-
tional orbital degree of freedom.
We now address how this anomalous spectrum can be
reconciled with the topological stability of Weyl nodes.
In a modern language of topology, Weyl nodes are asso-
ciated with quantized monopoles of the Berry curvature.
Hence, the Berry flux through (kx, ky)-planes at fixed kz,
which equals 2pi times the Chern number of those planes,
changes at the Weyl nodes, i.e. at kz = ±kWeyl. Due to
the periodicity of kz in the first Brillouin zone, every
monopole then must be compensated by an oppositely
charged antagonist at which the change in the Chern
number is reversed. This provides an intuitive picture
of the aforementioned fermion doubling theorem. For in-
teracting systems, Chern numbers C can be defined in
terms of single-particle Green’s functions G [26, 37–40].
Explicitly, C reads
C =
αβγ
6
∫ ∞
−∞
dω
∫
d2k
(2pi)2
× tr{G−1∂kαGG−1∂kβGG−1∂kγG} , (5)
where α, β, γ ∈ {0, 1, 2} (summation is understood), k0 =
ω, αβγ is the totally antisymmetric tensor, and tr indi-
cates the trace over the Green’s function matrix struc-
ture, while the momentum integral extends over a plane
in momentum space. Given the expression of the Green’s
function in Eq. (3), and the fact that the Berry curvature
only depends on n(k) = heff(k)/|heff(k)| = h(k)/|h(k)|,
one realizes that the Chern numbers in the interacting
system at momenta away from the Weyl nodes are iden-
tical to ones of the non-interacting system [28]. This in
particular implies that the Chern number changes be-
tween C = 0 and C = 1 at the momenta of both the
gapless and the gapped Weyl node. Such an “unwind-
ing” of a topological defect without a gap closing is fun-
damentally forbidden for non-interacting systems, but
allowed in the presence of interactions. Namely, while
Chern numbers can only change via poles of the Green’s
function at zero energy in non-interacting systems, the
presence of correlations allows for zeros of the Green’s
function at zero frequency which can also change the
value of topological invariants [25, 26]. Eq. (4) shows
that this is indeed what happens at the gapped Weyl
node, GR(0,kWeyl) = 0. On a related note, we stress
that strong interactions can in principle also annihilate
the aforementioned topologically protected metallic sur-
face states via the formation of new types of gapped sur-
face topological phases [41–43]. Returning to the Nielsen-
Ninomiya theorem, the requirement for Weyl nodes to
appear in pairs is relinquished in general interacting sys-
tems by the possibility of attaching monopole charges of
the Berry curvature not only to Weyl nodes but also to
zeros of the Green’s function.
Chiral anomaly at finite magnetic field field. One of
the main hallmarks of a Weyl semimetal is the chiral
anomaly of its Weyl nodes, i.e. is the non-conservation
of the number of low-energy electrons close to a given
Weyl node in the presence of electromagnetic fields [4, 12,
15–17]. Originally discussed in high-energy field theories
[13, 14], the chiral anomaly can be cast into a simple
solid state language: in the presence of a magnetic field,
a Weyl node decomposes into Landau levels that disperse
parallel to the field. The zeroth Landau level is special
in that it is gapless and linearly dispersing. When an
electric field is applied parallel to the magnetic field, the
momentum of the low-energy electrons parallel to the
field increases due to the Coulomb force F = eE = k˙,
which pumps electrons between the Weyl nodes. While
the total number of low-energy electrons is constant as
expected, the number of low-energy electrons close to a
given node is not conserved.
This naturally raises the question of how the chi-
ral anomaly manifests in our present interacting Weyl
semimetal with a single unpaired Weyl node. To under-
stand the Landau level structure, and from there the fate
of the chiral anomaly, two observations are important.
First, the Landau level structure of the remaining gapless
Weyl node at k = −kWeyl is unchanged, and this node
hence still exhibits the anomalous non-conservation of
its low-energy electron number in electromagnetic fields.
The physically required conservation of the total electron
number then implies that there must be a second linearly
dispersing Landau level crossing zero energy with oppo-
site velocity somewhere else in the Brillouin zone, unless
particle number conservation is restored at the surfaces
[44, 45]. At the same time, it is clear that an infinitesi-
mally small magnetic field cannot close the finite gap at
the gapped Weyl point k = kWeyl. As a consequence, the
additional chiral level is can only cross zero energy at a
momentum away from the gapped Weyl node.
To test this intuition with exact calculations, we mod-
ify the lattice Hamiltonian in Eq. (2) so as to in-
clude a magnetic field in z-direction by means of the
Peierls substitution, and perform numerical simulations
on a system with a finite magnetic unit cell (ratio-
nal magnetic flux per unit cell). We work in a Lan-
dau gauge in which ky is still a good quantum num-
ber. In x-direction, the enlarged periodicity due to
the magnetic unit cell implies that the original momen-
tum kx is replaced by a combination of a new mag-
netic lattice momentum kx defined in the reduced Bril-
louin zone and a Landau level index n. The interac-
tion Hamiltonian is still taken to couple all electrons
with the same k,
∑
k
U(k)
2
(∑
σ
(
c†σkcσk − 1/2
))2
→∑
k
U(kz)
2
(∑
n
(
c†knckn − 1/2
))2
. In Fig. 1, we show
4how the correlated WSM with an unpaired Weyl node is
affected by a weak magnetic field. The chiral zeroth Lan-
dau level structure, associated with the two Weyl nodes
in the absence of interactions, is continuously shifted
in energy by interactions, thus pushing the zero-energy
crossing from the second (gapped) Weyl node to larger
kz. More precisely, the energy dispersion of the Landau
level crossing zero twice is unchanged compared to the
non-interacting case up to a simple shift by −U(k)/2.
This Landau level hence crosses zero energy at the mo-
mentum where the interaction energy becomes smaller
than the magnetic energy. We furthermore find that this
particular Landau level still exhibits a smooth dispersion
in the presence of interactions, while all other Landau
levels become discontinuous because of the number of oc-
cupied states, and hence the interaction energy, changes
when the chiral Landau level is emptied upon crossing
zero energy (the absence of jumps at zero magnetic field
is due to the fact that no level crosses zero energy at
momenta where the interaction is finite). This can be
understood analytically by calculating the Green’s func-
tion at zero temperature using Lehmann representation.
For a given level m that can be occupied or empty, the
retarded Green’s function reads
GR
m,
occupied
empty
(ω,k) =
1
ω − k,m − U(k)
(
∆Nk −+ 12
)
+ iη
,
(6)
where ∆Nk = NGS(k)−N is the difference in the number
of total occupied states at momentum k in the ground
state, NGS(k), and the number N of layers in the unit cell
(or slab). When a chiral level crosses zero energy, ∆Nk
changes by one. This results in a jump for all Green’s
functions except the one of the chiral level, in which the
change in ∆Nk is compensated by the change in the ex-
pression of the Green’s function between occupied and
empty levels [34].
Surface states and Fermi-arcs at zero field. Finite sys-
tems can feature topologically protected surface states
as a consequence of the so-called bulk-boundary corre-
spondence [26, 46–50]. For non-interacting systems, an
intuitive explanation thereof is again provided by the
fact that the change of topology from the system to vac-
uum requires a gap-closing, and hence metallic surface
states. Planes at fixed kz with non-trivial Chern num-
ber, i.e. with |kz| > kWeyl, are thus associated with a
zero-energy edge state. The surface Fermi line of these
states is known to be an open line segment (the famous
“Fermi-arc” [51]) that ends in the projection of the bulk
Weyl nodes onto the surface.
To study how these surface states are affected by our
momentum-local interaction, we now turn to a slab with
open boundary conditions (the slab is taken to be finite in
x-direction). Because the Chern numbers of planes with
fixed kz away from the Weyl nodes are unchanged by
(a)
Bz=0
U(k)=0
(b)
Bz=0
U(k)6=0
Figure 2: Total density of states ρky=0(ω, kz) rescaled by its
maximum value ρmax of a slab with open boundary conditions
(i.e. with surfaces) in zero magnetic field. The interaction is
U0 = 0 in panel (a) and U0 = 2 in panel (b). The slab has 25
layers in x-direction, λ = 1.5, kWeyl = 1.5, and δ = 2.5 in all
plots [20].
the interactions, one might naively expect the topological
zero-energy surface states to persist in the presence of in-
teractions. In contrast to the predictions of Ref. [28], we
find that this is not the case. Instead, topology unwinds
at the surface in precisely the same way as it does at the
gapped Weyl node: the zero-energy poles of the surface
Green’s functions split into two poles of halved spectral
weight at energy ω = ±U(k)/2, and a zero at zero en-
ergy, GR(0, kWeyl) = 0, which is reflected by a gap in the
density of states. The other levels (the bulk states) are
also pushed away from the Fermi level by ±U(k)/2, as in
the case of periodic boundary conditions. These findings
are illustrated by the densities of states plotted in Fig. 2.
Physically, the gap of the surface states at momenta kz
with finite interactions is a consequence of the fact that a
non-local interaction couples counter-propagating modes
on opposite surfaces.
Other interaction profiles. Thus far, we have focussed
on an interaction profile with a single peak in momen-
tum space. To check the generality of our results, we
have performed additional simulations with other inter-
action profiles [34]. Variations of the interaction range
δ have no qualitative effect as long as only one node is
gapless: δ simply marks the momentum range over which
the levels in the density of states are shifted by ±U/2.
By contrast, if the interaction gaps both Weyl nodes,
the zero energy crossings of the Landau levels generically
disappear, and with them any signatures of the chiral
anomaly. A residual signature of the gapped Weyl nodes
may then be still found in open systems with an effec-
tively momentum-dependent interaction that vanishes in
some momentum range between the Weyl nodes: such
a system shows Fermi-arc segments in the momentum
range with vanishing interaction in the complete absence
of bulk Weyl nodes [34].
Concluding discussion. Our calculations are based on
two rather extreme assumptions: The locality of interac-
5tions in momentum space, and the explicit momentum-
dependence of the interactions. While locality in momen-
tum space is necessary to make the present 3D strongly
correlated problem amenable to exact study, we expect
all of the discussed low-energy physics to be qualita-
tively robust for interactions with a finite but limited
range in momentum space so as to not couple differ-
ent Weyl nodes. Short-ranged interactions that lead to
transfer of momentum comparable to the separation of
the Weyl nodes, however, will generically couple opposite
Weyl nodes and thus lead to a breakdown of the limiting
scenario captured by our exactly solvable model. Our
assumption of explicitly momentum dependent interac-
tions may not seem very natural but is crucial in order
to single out individual Weyl nodes. To address this key
remaining issue, we will now provide a concrete mech-
anism for achieving an effectively momentum dependent
interaction in a microscopic model. The basic idea is to
use an orbital degree of freedom given by the orbitals A
and B in addition to the spin σ. In such a four-band
system, already at the level of a next-nearest-neighbor
tight-binding model, a WSM with one Weyl node be-
ing accommodated in orbital A only and the other one
in orbital B only can be readily achieved [34]. In this
situation, a different interaction between particles in or-
bitals A and B is clearly sufficient to obtain the desired
effective momentum dependence. The limiting case of an
interaction affecting only a single Weyl node then sim-
ply amounts to the situation where only particles in, say,
orbital B interact with each other. We note that in the
context of synthetic material systems based on ultracold
atoms in optical lattices [52], where very recently first ex-
perimental signatures of 3D topological semimetals have
been reported [53], such a state-dependent interaction
can be achieved when using two different internal states
of the atom with different low energy scattering prop-
erties as orbitals A and B [54, 55]. However, even in
conventional materials, a certain orbital dependence of
the interaction strength may be sufficient to give differ-
ent relevance to correlations at opposite Weyl nodes.
Regarding the persistence of the chiral anomaly, quasi-
one-dimensional chiral Landau levels can only be gapped
when counter-propagating modes are coupled, while any
coupling between modes moving into the same direction
can merely shift their energies (and hence the momen-
tum at which they cross zero energy, as we observe here).
On a more technical note, this statement follows from a
perturbative analysis in a bosonized version of the ef-
fectively one-dimensional chiral low-energy modes repre-
senting the zeroth Landau levels. An interaction with
limited range in momentum space (coupling only modes
that move into the same direction) can either renormalize
the quadratic part of the Luttinger liquid Hamiltonian,
or at most give rise to a sine-Gordon term whose argu-
ment does not commute with itself at different positions.
Neither case is associated with a gap opening. We thus
expect the presently discussed physics to be realizable
in multi-orbital systems with more realistic interactions.
We note that a key assumption in our study is that the
magnetic field is aligned along the axis separating the
Weyl nodes (i.e. the z-axis in our model system). Devi-
ating from this alignment already in non-interacting sys-
tems leads to a breakdown of the chiral anomaly [56, 57],
and has similar implications in our interacting scenario.
Our results show that even in the exotic scenario of
unpaired Weyl nodes due to long-ranged interactions,
global electron number conservation strongly constrains
the low-energy spectrum: as long as at least one gapless
Weyl node remains, even an infinitesimal magnetic field
qualitatively restores the low-energy Landau level struc-
ture of an ordinary WSM with a pair of nodes. This dra-
matic stability of the chiral zeroth Landau levels in sys-
tems with single Weyl nodes underlines the fundamental
importance of quantum anomalies for the classification
of topological states of matter [58], even in the extreme
limit of long-ranged interactions.
We acknowledge helpful discussions with E. J.
Bergholtz, B. Sbierski, and M. Vojta. TM is supported
by the Deutsche Forschungsgemeinschaft via the Emmy
Noether Programme ME 4844/1-1 and through SFB
1143.
[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[2] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[3] G. E. Volovik, The Universe in a Helium Droplet
(Clarendon Press, Oxford, 2003).
[4] A. M. Turner and A. Vishwanath, arXiv:1301.0330.
[5] H. Weng, C. Fang, Z. Fang, B. A. Bernevig, and X. Dai,
Phys. Rev. X 5, 011029 (2015).
[6] S.-M. Huang, S.-Y. Xu, I. Belopolski, C.-C. Lee, G.
Chang, B. Wang, N. Alidoust, G. Bian, M. Neupane,
C. Zhang, S. Jia, A. Bansil, H. Lin, and M. Z. Hasan,
Nat. Commun. 6, 7373 (2015).
[7] S.-Y. Xu, I. Belopolski, N. Alidoust, M. Neupane, G.
Bian, C. Zhang, R. Sankar, G. Chang, Z. Yuan, C.-C.
Lee, S.-M. Huang, H. Zheng, J. Ma, D. S. Sanchez, B.
Wang, A. Bansil, F. Chou, P. P. Shibayev, H. Lin, S. Jia,
and M. Z. Hasan, Science 349, 613 (2015).
[8] B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao,
J. Ma, P. Richard, X. C. Huang, L. X. Zhao, G. F. Chen,
Z. Fang, X. Dai, T. Qian, and H. Ding, Phys. Rev. X 5,
031013 (2015).
[9] S.-Y. Xu, N. Alidoust, I. Belopolski, Z. Yuan, G. Bian,
T.-R. Chang, H. Zheng, V. N. Strocov, D. S. Sanchez,
G. Chang, C. Zhang, D. Mou, Y. Wu, L. Huang, C.-
C. Lee, S.-M. Huang, B. Wang, A. Bansil, H.-T. Jeng,
T. Neupert, A. Kaminski, H. Lin, S. Jia, and M. Zahid
Hasan, Nat. Phys. 11, 748 (2015).
[10] B. Q. Lv, N. Xu, H. M. Weng, J. Z. Ma, P. Richard, X.
C. Huang, L. X. Zhao, G. F. Chen, C. E. Matt, F. Bisti,
V. N. Strocov, J. Mesot, Z. Fang, X. Dai, T. Qian, M.
6Shi, and H. Ding, Nat. Phys. 11, 724 (2015).
[11] L. X. Yang, Z. K. Liu, Y. Sun, H. Peng, H. F. Yang,
T. Zhang, B. Zhou, Y. Zhang, Y. F. Guo, M. Rahn, D.
Prabhakaran, Z. Hussain, S. K. Mo, C. Felser, B. Yan,
and Y. L. Chen, Nat. Phys. 11, 728 (2015).
[12] N. P. Armitage, E. J. Mele, and A. Vishwanath, Rev.
Mod. Phys. 90, 015001 (2018).
[13] S. L. Adler, Phys. Rev. 177, 2426 (1969).
[14] J. S. Bell and R. Jackiw, Il Nuovo Cimento A 60, 47
(1969).
[15] H. B. Nielsen and M. Ninomiya, Physics Letters 130B,
389 (1983).
[16] K. Landsteiner, arXiv:1610.04413.
[17] A. A. Burkov, J. Phys. Condens. Matter 27, 113201
(2015).
[18] J. Gooth, A. C. Niemann, T. Meng, A. G. Grushin, K.
Landsteiner, B. Gotsmann, F. Menges, M. Schmidt, C.
Shekhar, V. Su¨ß, R. Hu¨hne, B. Rellinghaus, C. Felser, B.
Yan, and K. Nielsch, Nature 547, 324 (2017).
[19] A. Bilal, arXiv:0802.0634.
[20] Plots for additional momenta can be found in the Sup-
plemental Material [34].
[21] H. B. Nielsen and M. Ninomiya, Nuclear Physics B 185,
20 (1981).
[22] H. B. Nielsen and M. Ninomiya, Nuclear Physics B 193,
173 (1981).
[23] H. B. Nielsen and M. Ninomiya, Physics Letters 105B,
219 (1981).
[24] J. Carlstro¨m and E. J. Bergholtz, Phys. Rev. B 97,
161102(R) (2018).
[25] G. E. Volovik, in Quantum Analogues: From Phase Tran-
sitions to Black Holes and Cosmology, Ed. by W. G. Un-
ruh and R. Schu¨tzhold, Springer Lecture Notes in Physics
718, 31 (2007); arXiv:cond-mat/0601372.
[26] V. Gurarie, Phys. Rev. B 83, 085426 (2011).
[27] J. C. Budich, R. Thomale, G. Li, M. Laubach, S.-C.
Zhang, Phys. Rev. B 86, 201407(R) (2012).
[28] T. Morimoto and N. Nagaosa, Sci. Rep. 6, 19853 (2016).
[29] H. Weyl, Z. Phys. 56, 330 (1929).
[30] C. Herring, Phys. Rev. 52, 365 (1937).
[31] A. Sharma, A. Scammell, J. Krieg, and P. Kopietz, Phys.
Rev. B 97, 125113 (2018).
[32] Y. Hatsugai, M. Kohmoto, J. Phys. Soc. Jpn. 61, 2056
(1992).
[33] In practice, we keep a small imaginary part η = 0.005.
To obtain the spectra shown for B = 0, we sum 2000 ×
2000 equidistant values for kx and ky. For finite Bz, the
spectrum is flat along kx and ky, and the magnetic unit
cell contains 100 layers. It is thus sufficient to sum 20×20
equidistant values for kx and ky.
[34] See Supplemental Material available as an ancillary file
on this manuscript?s arXiv page for further details.
[35] We backfold the bump function b(kz, k0, δ) into the first
Brillouin zone if required to obtain a lattice periodic func-
tion.
[36] H. Bruus and C. Flensberg, Many-Body Quantum Theory
in Condensed Matter Physics (Oxford University Press,
Oxford, 2004).
[37] A. N. Redlich, Phys. Rev. D 29, 2366 (1984).
[38] H. So, Progress of Theoretical Physics 74, 585 (1985).
[39] K. Ishikawa and T. Matsuyama, Nuclear Physics B 280,
523 (1987).
[40] G. Volovik, JETP 67(9), 1804 (1988).
[41] C. Wang, A. C. Potter, and T. Senthil, Phys. Rev. B 88,
115137 (2013).
[42] P. Bonderson, C. Nayak, X.-L. Qi, J. Stat. Mech. (2013)
P09016.
[43] C. Wang, A. C. Potter, and T. Senthil, Science 343, 6171
(2014).
[44] A. G. Grushin, J. W. F. Venderbos, A. Vishwanath, and
R. Ilan, Phys. Rev. X 6, 041046 (2016).
[45] T. E. O’Brien, C. W. Beenakker, and I˙ Adagideli, Phys.
Rev. Lett. 118, 207701 (2017).
[46] Y. Hatsugai, Phys. Rev. Lett. 71, 3697 (1993).
[47] S. Ryu and Y. Hatsugai, Phys. Rev. Lett. 89, 077002
(2002).
[48] X.-L. Qi, Y.-S. Wu, and S.-C. Zhang, Phys. Rev. B 74,
045125 (2006).
[49] R. S. K. Mong and V. Shivamoggi, Phys. Rev. B 83,
125109 (2011).
[50] A. M. Essin and V. Gurarie, Phys. Rev. B 84, 125132
(2011).
[51] X. Wan, A. M. Turner, A. Vishwanath, and S. Y.
Savrasov, Phys. Rev. B 83, 205101 (2011).
[52] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.
80, 885 (2008).
[53] B. Song, C. He, S. Niu, L. Zhang, Z. Ren, X.-J. Liu,
G.-B. Jo, arXiv:1808.07428 (2018).
[54] W. Yi, A. J. Daley, G. Pupillo, and P. Zoller, New J.
Phys. 10, 073015 (2008).
[55] F. Gerbier and J. Dalibard New J. Phys. 12, 033007
(2010).
[56] P. Kim, J. Hoon Ryoo, and C.-H. Park, Phys. Rev. Lett.
119, 266401 (2017).
[57] C.-L. Zhang et al., Nature Phys. 13, 979 (2017).
[58] S. Ryu, J. E. Moore, and A. W. W. Ludwig, Phys. Rev.
B 85, 045104 (2012).
